Based on the direct methods of the perturbation theory, sufficient conditions for the finiteness of the discrete spectrum of linear pencils of the form L(λ) = B − λA, where A and B are bounded self-adjoint operators, are established. An estimate formula for the discrete spectrum is also presented. As applications, we study the spectrum of the characteristic equation of radiation energy transfer.
Introduction
The paper is devoted to the study of the spectrum of linear operator pencils of the form L(λ) = B − λA, where A and B are self-adjoint operators in a Hilbert space H. Under some assumptions the spectrum of L(λ) lies on the real axis, the continuous part of the spectrum is not trivial and the discrete spectrum can be only found on an interval of R. Namely, in such situations it is necessary and natural to study various problems of mathematical physics and other related fields. The Milne problem and some spectral problems from the theory of the transport equation [5] (see also [6, 11, 17] and references therein) can serve as illustrative examples in this context. In particular, it can be mentioned the characteristic equation of radiation energy transfer considered in the present paper as the main object of the study in our applications. Various papers have developed the spectral theory of operator pencils together with its applications in diverse mathematical and physical domains. Because we are unable to describe all aspects here with sufficient depth (due to the existence of an extensive literature on the topics) we restrict ourselves to mentioning only the works [2, 23] concerning the spectral analysis of operator pencils, and [1, 21] (see also [22] ) in which the transport equations are treated from the point of view of the spectral theory of linear operators. In the context of our interests we should mention the recent works [3, 20] and also [14] in which the discrete eigenvalues of self-adjoint operator pencils are studied by variational methods. The main problem we have chosen is to give conditions under which the discrete spectrum within a gap of the essential spectrum of a linear operator pencil L(λ) is only finite. First, we treat the problems for the general case of an abstract operator pencil L(λ), and then, as applications, we investigate the spectra for some concrete operator pencils, namely those related to the characteristic equation of radiation energy transfer. We also obtain estimate formulas for the discrete spectrum. The estimate formulas obtained here in a sense correspond to the original estimate of Birman [4] and Schwinger [27] concerning the number of negative eigenvalues of the Schrödinger operator. In this respect we also cite [9, 10] in which the problem of the estimation of the number of perturbed eigenvalues for the case of self-adjoint operators is considered. In spite of the fact that some of the problems can be reduced to traditional situations of perturbation theory of linear operators, the spectral properties for the case of an operator pencil are proper by themselves and specific methods for their explanation are required.
The paper is organized as follows: the abstract results are stated in Section 2. Section 3 is devoted to the study of the characteristic equation of radiation energy transfer. The main results of Section 3 are derived as direct applications of the abstract results obtained in Section 2.
The abstract results

In the following H, H
. . always denote complex Hilbert spaces. The inner product and the norm of a Hilbert space H are denoted by (·,·) H and · H , respectively. We will use the symbols (·,·), · whenever the space H is understood and the specification is not necessary. H 2 ) ) stands for the set of all bounded (respectively compact) linear operators from H 1 into H 2 . We write B(H) and B ∞ (H) for B(H, H) and B ∞ (H, H), respectively. Furthermore, we denote by B p (H), 1 p < ∞, the von Neumann-Schatten class of compact operators in H. In particular, B 2 (H) designates the Hilbert-Schmidt class. The norm of B p (H) is denoted by · p . The resolvent set, the spectrum and the discrete spectrum for an operator A are denoted by ρ(A), σ (A) and σ d (A), respectively. The resolvent operator (A − zI ) −1 , z ∈ ρ(A), will be denoted briefly by R(z; A). In the case of a self-adjoint operator A, we say that an open interval Λ of the real axis is a gap in the spectrum of A (or, simply, a spectral gap of A) if Λ ⊂ ρ(A). Also, we say that the spectrum of the operator A is finite on Λ if Λ ∩ σ (A) consists only of a finite number of eigenvalues of finite multiplicity. In this case, we denote by n(Λ; A) the sum of algebraic multiplicities of the eigenvalues of A lying on the interval Λ, i.e., n(Λ; A) = dim E A (Λ)H, where E A is the spectral measure for A. We will keep the same terminology for the general case of operator-valued functions. Nevertheless, in order to avoid misunderstandings, we note that for the case in which A is an operator-valued function defined on a domain Ω of the complex plane C, the symbol σ (A) will be preserved for the spectrum of the operator-valued function A itself, whereas σ (A(z)) for the spectrum of the operator A(z) regarded as a concrete value of A at the point z, z ∈ Ω. Of course, the same is also referred to the resolvent set ρ(A) and other concrete parts of the spectrum as σ d (A), for instance. Recall that a complex number z 0 is said to be an eigenvalue of the operator-valued function A if the equation A(z 0 )u = 0 has a non-trivial solution u 0 , u 0 ∈ H. In this case u 0 is called the eigenvector of A corresponding to the number z 0 . The geometric eigenspace of z 0 is the kernel ker A(z 0 ) of A(z 0 ). Its dimension dim ker A(z 0 ) is called the geometric multiplicity of z 0 . Now, let L(λ) be a linear operator pencil of the form L(λ) = B − λA, λ ∈ C, where A and B are given operators in a Hilbert space H. We are mainly interested in the study of the structure of the spectrum of such a pencil. In this connection, we introduce several assumptions which are listed below depending on the requirement of the exposition of the material. We will consider exclusively the situation in which L(λ) ∈ B(H) and L(λ) * = L(λ) for λ ∈ C. We assume this fact by the following assumption: (A2) The operator C admits a factorization of the form C = S * T S, where S ∈ B(H,
In spite of the fact that both of the operators A and B are self-adjoint the spectrum of the operator pencil L(λ) can contain complex (non-real) points (such a situation can be realized by simple example even for finite-dimensional case). However the following assertions can be made. 
Proof. Let λ be a regular point of the unperturbed operator pencil L 0 (λ), and observe that due to the relation 
Since τ C < 1 we can write
From this relation it follows that the spectrum of the pencil L τ (λ) for each τ ∈ (0, 1) lies only on the real axis. Now, if the spectrum of the operator pencil L(λ) contains a point z ∈ C \ R, then one can chose a small closed rectifiable contour γ lying on the resolvent set ρ(L) and surrounding the point z (as has been shown above the non-real spectrum of L(λ) can be only discrete). We take γ such small that γ ∩ R = ∅. Then due to a result from [12] (see also [13] ) on the stability of the root number for holomorphic operator-valued function, it can be concluded that the domain surrounded by the contour γ must contain at least a point of the spectrum of L τ (λ) with τ close enough to 1, a contradiction. 2 2.2. Now, we pass to study the spectrum of the operator pencil L(λ) by supposing that it is located on the real axis. We pay principal attention to the estimation of the discrete spectrum. We start by considering the case of a finite rank perturbation. In general a perturbation of the rank n can adduce more than n (but no more than 2n [15] ) eigenvalues in a spectral gap of the unperturbed operator pencil. The following is true however: Proof. To prove the statement we first observe that since the operator I + C is positive definite, the operator pencil L(λ) can be represented as
Remark 2.2. If Ker
It follows from (2.1) that the spectra of L(λ) andL(λ) are the same. Obviously,Ã is a self-adjoint bounded operator. Moreover, it turns out that the interval Λ is a spectral gap for the corresponding operator pencilL 0 (λ) = I − λÃ, and the operatorK satisfies the conditions (i)-(iii) enumerated in our assertion for the operator K. That the interval Λ is a spectral gap forL 0 (λ) can be seen as follows.
for each u ∈ H. But I + C I , whence, by the monotone property of bounded positive operators,
, so that the interval Λ is a spectral gap forL 0 (λ), too. Similarly, it follows from the representation ofK that rank(K) = rank(K) and that
Moreover, the relation
shows that the operator I +K is non-negative as well. Thus, we may and shall assume, without loss of generality, that C = 0, i.e., B = I + K with K satisfying the conditions (i)-(iii). Furthermore, it can be supposed that Ker B = 0. Otherwise, as before, we consider the family of the pencils L τ (λ) = I − λA + τ K with 0 < τ < 1. Due to the properties (ii) and (iii) τ K < 1, and an argument like that in the second part of the proof of Proposition 2.1 can be applied to conclude that the spectrum of L τ (λ) for each τ ∈ (0, 1) lies on the real axis. Moreover, it is discrete in the gap (0, b). Now, it is clear that if the assertion will be proved for the pencils L τ (λ), then, again by applying the theorem on the stability of the root number for holomorphic operator-valued functions [12] , it can be concluded the same for the operator pencil L(λ).
Next, let us suppose that our assertion is false, so that there exist more than n eigenvalues of the operator pencil L(λ) on the interval Λ. Let us denote these eigenvalues by λ 1 , . . . , λ m , and let u 1 , . . . , u m be its corresponding eigenelements, so that
m).
We assume that the eigenvalues λ j (j = 1, . . . , m) are enumerated according to their multiplicity in non-decreasing order: 
Consequently, taking into account that Then
a contradiction with the opposite estimation (2.5) and so the proof is complete. 2 Remark 2.5. Proposition 2.4 remains valid for Λ = (a, b) with a > 0, but C = 0. Indeed, it is sufficient to obtain only the estimate (2.6) for the case a > 0:
As a consequence of the proof of Proposition 2.4 there holds the following result useful in our subsequent considerations. Proof. There is no loss of generality in supposing that a = 0. Denote by P the orthogonal projector upon Ker B, and let C 0 = C + P . It is clear that I + C 0 > 0 and C 0 P = 0 and, since C 0 is a compact operator, the operator B 0 = I + C 0 is invertible. Moreover, the operator B 
We point out that
Since C 0 P = 0, it follows , we can write
From the representation (2.8) we see that the problem is reduced to the operator pencil I − λA 0 − P . On the other hand, since the operator −P satisfies obviously the conditions (i)-(iii) of Proposition 2.4, by those mentioned in Remark 2.6, it is sufficient to prove that the spectrum of the pencil I − λA 0 is finite on Λ, or, equivalently, to prove the finiteness of the spectrum of the operator A 0 on the interval (b −1 , +∞). To this end, we set C 1 = a 1 C 0 + C 0 F 0 C 0 and write the operator A 0 as follows:
By our assumptions the interval (b −1 , +∞) is a spectral gap for A. Thus we have to prove that the perturbation B 1 = AC 1 + C 1 A + C 1 AC 1 can excite in the spectral gap (b −1 , +∞) at most a finite number of eigenvalues of finite multiplicity.
In order to prove this fact, it will be convenient to write the operator T , which is a compact self-adjoint operator due to the assumption (A3), in its spectral representation
We consider that the eigenvalues λ n (n = 1, 2, . . .) are enumerated according to their algebraic multiplicities and that |λ n | |λ n+1 | for all n. Next we settle a positive integer n 0 sufficiently large (sharp estimate of which will be significant later for the estimation of the number of the perturbed eigenvalues) and denote
Further, we observe that the operator C 1 has the same form like C, namely C 1 = S * T 1 S + K 1 , where T 1 ∈ B ∞ (H 1 ) and K 1 being an operator of a finite rank. By direct computation it can be obtained that
where
The perturbation operator B 1 in turn can be represented as B 1 =B +K, wherẽ
It turns out that the number n 0 from the decomposition T = T 0 + K 0 can be chosen such that the interval (b −1 , +∞) would be a spectral gap for the operator A +B. Next, we show how to take such a number n 0 . The arguments are based on the technique of factoring the perturbation. To this end, we denote byH 1 andH ∞ the Banach spaces obtained as the direct sum of three copies of the space H 1 :H = H 1 ⊕ H 1 ⊕ H 1 equipped with the norms ũ 1 = 3 j =1 u j and ũ ∞ = max{ u j : j = 1, 2, 3} forũ = (u 1 , u 2 , u 3 ) ∈H, respectively, and we consider the following operators:R,S : H →H ∞ ,T : 
for each λ ∈ ρ(A) and, by the assumption (A3), there exists a constant c, c > 0, such that
Now, we consider the number n 0 to be so large that c T < 1. Then the operatorĨ 1 +Q(λ)T is invertible for each λ ∈ (b −1 , +∞) (Ĩ 1 designates the identity operator of the spaceH ∞ ). In turn for such λ the operator I + R(λ; A)B is also invertible, and thus, by virtue of the relation
is a regular point of the operator A +B, that is, the interval (b −1 , +∞) is a spectral gap of A +B. Now since the operatorK is of finite rank and self-adjoint it follows that the spectrum of the operator A 0 = A +B +K on (b −1 , +∞) consists only of finite number of eigenvalues of finite multiplicity, and the proof is complete. 2
Next, we will give an estimate formula for the total number n(Λ; L) of the eigenvalues of the operator pencil L(λ) from the interval Λ. Below, we will preserve the notations used in the preceding proof. In addition, we let
Consider in the above representation T = T 0 + K 0 that the number n 0 is chosen so that
and hence
Thus Q (λ)T < 1 for λ ∈ (b −1 , +∞), and therefore, arguing as in the proof of Theorem 2.7 we obtain that the operator A +R * TS has no points of spectrum on the interval (b −1 , +∞) . Since the operatorK is of finite rank and self-adjoint it follows that the spectrum of the operator A 0 = A +R * TS +K on (b −1 , +∞) consists only of finite number of eigenvalues of finite multiplicity. This number of eigenvalues is not greater than the rank of the operatorK. Equivalently, in terms of the operator pencilL 0 (λ) = I − λA 0 , one has n(Λ;L 0 ) rank(K). In view of the assertions occurring in Remark 2.6, it follows from the relation (2.8) that
, and hence (cf. the representation of K 1 ) the rank of K 1 can be evaluated as
Taking into account the obtained evaluation, from the representation of the operatorK we collect that
Then, by (2.10), we can estimate
On the other hand,
for some p, 1 p < ∞. However, according to the theory of operators ideals [26] , more specifically at the context, see [19, III. 7 .4 0 , p. 122], one has
Thus, by assuming that the operator T belongs to one of the classes
where m is defined as in (2.9). Thus, we have proved the following result. 
The characteristic equation of radiation energy transfer
3.1.
In the theory of the transport of energy the equation of the following form
is known as the characteristic equation of radiation energy transfer [24] (see also [5, 6, 11] ). Equation (3.1) is considered in the space L 2 (Ω), where Ω denotes the unit sphere of R 3 , i.e.,
; ω 0 is a fixed vector on Ω; by ωω 0 it is denoted the scalar product (defined on R 3 ) of ω with ω 0 ; g, g ∈ L 1 (−1, 1) , is a given function known as the angular function or, in another terminology, the dispersion indicatrix (see, for instance, [24] ). It is required that
and P n (t) (n = 0, 1, . . .) are the Legendre polynomials.
In this section we study the spectrum of the operator pencil generated by Eq. (3.1). The main results are obtained by applying the results from the previous section. Next, we denote by A the multiplication operator by ωω 0 defined on the space L 2 (Ω), i.e.,
and let C be the following integral operator (also defined on L 2 (Ω)):
Equation (4.1) can be written as follows
and in this way the problem is reduced to the study of the corresponding linear operator pencil 1] . Also, as is known [24] C is a compact operator in the space L 2 (Ω), its eigenvalues are g n (n = 0, 1, 2, . . .) with the corresponding eigenfunctions being the spherical functions Y nm (m = 0, ±1, . . . , ±n). Note that C = g 0 1, and hence the methods developed in the previous section can be applied. First of all we remark that the assumption (A1), where B = I − C, is evidently satisfied and, since σ (A) = [−1, 1], the interval Λ = (−1, 1) is a gap in the spectrum of the unperturbed operator pencil L 0 (λ) = I − λA. Our aim is to find conditions under which the discrete spectrum of the operator pencil L(λ) = I − λA − C is only finite. These conditions will be given in terms of the oscillation of the function g. To this end, we assume in addition that g is a continuous function on [−1, 1], and denote by Φ(t) (0 t 2) the oscillation of g, i.e., Φ(t) = max |g(t 1 ) − g(t 2 )|, where the maximum is taken over |t 1 | 1, |t 2 | 1 and |t 1 − t 2 | t. 
Then the spectrum of the operator pencil L(λ) = I − λA − C on the interval (−1, 1) is finite.
Proof. As was pointed out in [24] the discrete spectrum, and so the whole spectrum, of the operator pencil L(λ) is situated symmetrically with respect to the origin λ = 0. Thus it will be enough to consider the situation of the interval (0, 1). Denote by K 0 the operator of finite rank defined by the degenerate kernel
and, since Φ(t), 0 t 2, is a non-decreasing function, one has
In view of the symmetric nature of the kernel h(ω, ω ), it also follows that
Let S = (I − A) 1/2 , and observe that the operator (I − A) −1/2 (C − K 0 )(I − A) −1/2 can be extended up to an integral operator T determined by the kernel
The operator T is self-adjoint and compact in the space L 2 (Ω). In fact, by virtue of (3.2), T is an integral operator of the Hilbert-Schmidt type. Indeed, it readily follows from (3.3) that
and, taking into account that |ω − ω 0 | 2 = 2(1 − ωω 0 ) and that
Thus, according to (3.4) , it follows
as was to be shown. A simple calculation shows that Q j (λ) 1 (j = 0, 1, 2; 0 < λ < 1), and so the assumption (A3) is fulfilled. Thus, all hypotheses of Theorem 2.7 are satisfied, and the proof is complete. 2
In order to estimate the discrete spectrum of the operator pencil L(λ) we, as before, consider the eigenvalues from the interval (0,1). Again we let S = (I − A) 1/2 and we have C − K 0 = ST S, where rank(K 0 ) = 2 and T is a self-adjoint operator of Hilbert-Schmidt type. According to (3.5) , for the Hilbert-Schmidt norm of T , one has
In addition, we point out that SAS = A(I − A) = 2 and, as was mentioned above,
Next, let P be the orthogonal projector upon Ker(I − C), C 0 = −C + P and F 0 be the operator defined as in the proof of Theorem 2.7 by (2.7). We note that P = 0 if g 0 < 1 (this is a so-called non-conservative case) and rank(P ) = 1 for the conservative case g 0 = 1 (in this case the solutions of the equation Cu = g 0 u are only the constants). In order to use the estimate formula from Theorem 2.8, we estimate the norm SF 0 S . To this end, consider the function
corresponding to the expansion (2.7) of F 0 , and by straightforward computation, it can be obtained that
and so, for m determined as in (2.10), one has m 2(1 − γ 1 ) −1/2 . Now, collecting all obtained values and substituting them in (2.11), we finally obtain 6) where M = 32π( √ 2 + 1)(1 − γ 1 ) −1/2 and either l = 8 or l = 11 depended on the case that is considered either non-or conservative, respectively.
Note that the number λ = 0 is an eigenvalue for L(λ) only in the conservative case. Taking into account this fact and that all eigenvalues of the operator pencil L(λ) are situated symmetrically with respect to origin λ = 0, we obtain n(Λ; L) = 2n (0, 1); L + k,
where k = 0 if g 0 < 1 and k = 1 if g 0 = 1.
Thus, there holds the following result.
Theorem 3.2. Assume that the indicatrix of dispersion g satisfies the condition (3.2). Then the number n(Λ; L)
can be estimated by (3.6) and (3.7).
3.2.
The solutions of the characteristic equation of radiation energy transfer (3.1) which as functions do not depend on the azimuth angle are the most important from the viewpoint of physical interests. For these solutions Eq. (3.1) can be slightly simplified (cf. [24] An argument similar to that used in proving Theorems 3.1 and 3.2 shows that if the indicatrix of dispersion g satisfies the condition (3.2), then the spectrum of the operator pencil L 0 (λ) = I − λA − C 0 on the interval Λ is finite, and a similar estimate for the number n(Λ; L 0 ) of the eigenvalues of L 0 (λ) from Λ like that given by (3.6) and (3.7) also holds. An another situation with the operator pencil L m (λ) for m 1. The point is that the assumption (A3) is fulfilled with K = 0. On the other hand, in the estimate formula (2.11) it can be taken P = 0, because C m < 1 for such m. with an absolute constant c > 0. But, as it is shown in [7, 8] , T m → 0 as m → ∞ and, since sup γ m < 1, the assertion follows.
